We compare the predictions of the stochastic closure theory (SCT) [5] with experimental data obtained in the Variable Density Turbulence Tunnel (VDTT) [8] , at the Max Planck Institute for Dynamics and Self-Organization in Göttingen. The mean flow in the homogeneous turbulence experiment reduces the number of parameters in SCT to just three, one characterizing the variance of the mean field noise and another characterizing the rate in the large deviations of the mean. The third parameter is the decay exponent of the Fourier variables in the Fourier expansion of the noise. This characterizes the smoothness of the turbulent velocity.
Introduction
In Aeronautics the design of airfoils and airplanes was originally a major challenge. There was a lack of experiments designed and performed under laboratory conditions and this hampered progress. The development of the wind tunnel turned out to be the major breakthrough in creating the necessary experiments. The first wind tunnel is credited to F. Wenham in Great Britain in 1871, the Wright brother also made their own wind tunnel in 1901 [2] , but it was Ludwig Prandtl in 1917 who designed the first "modern" wind tunnel. This wind tunnel was actually his second design. In 1909, he designed the first closed-loop wind tunnel, but it was, by his own admission, "of a temporary nature" [21] . Thus, a more permanent design was made which would become the foundation for all subsequent wind tunnels [1] . Prandtl's student, Max Munk, would go on to design the first wind tunnel which allowed an adjustment of the density of the working fluid [8] , allowing for a much higher Reynolds number flow in the tunnel. This tunnel was built in at the Langley Research Center in Virgina in 1923. However, most of the research done by Prandtl and others working with wind tunnels was devoted to studying airfoils and airplane shapes [8] .
In addition to being the perfect tool to study airfoils and model airplanes, wind tunnels are suitable for the creation of statistically homogeneous and isotropic turbulence, see Taylor [26] , in an experimental setting. Such a flow limits turbulence to its essential ingredients: inertia, pressure and friction. It also minimizes the effects of the boundaries on the flow and does not exhibit a preferred orientation. It can be created by mechanically stirring a liquid or gas [8] . A close approximation of such flows are realized in a wind tunnel when a uniform free-stream flow is disturbed by a mesh or a grid, see [10, 9] .
Experiments performed to study homogeneous or more general turbulence were rare until the second half of the twenthieth century. The 1940s featured experiments on grid turbulence in California [17] , while another series of ex-periments were performed at the Nuclear Research Lab in Jülich in the 1970s [12] . More recently, wind tunnels were built at the German Aerospace Center in Göttingen and at the Princeton Gas Dynamics Lab with the goal of studying turbulence. The facility where the experiments in this paper where performed, the Variable Density Turbulence Tunnel (VDTT) at the Max Planck Institute for Dynamics and Self-Organization in Göttingen, was completed in 2009, see [8] . It has achieved turbulent flow up to Taylor-Reynolds number 1600, which is the highest recorded for a grid experiment. Details about the VDTT can be found in [8] . One of Prandtl's original wind tunnels sits besides the VDTT in Göttingen, see [8] .
In this paper, we will examine the structure functions of turbulence coming from data obtained in the VDTT. We will compare with the stochastic closure theory in [6] and show that the Reynolds number dependence of the data is captured by this theory, which was originally published in [5] . More surprisingly, we obtain unexpected results on the smoothness of the flow velocity, in homogenous turbulence, from the data.
The mathematical theory of turbulence has its roots in the work of Kolmogorov. In 1941, Kolmogorov published his celebrated four-fifths law and postulated, with Obukhov, that the structure functions of turbulence should scale with lag variable, i.e.
S p (x, y,t) = E(|u(x,t) − u(y,t)|
where p is the order of the structure function and r = |x − y|. Lev Landau would immediately criticize this theory for not taking into account the influence of the large scale flow structure and the influence of intermittency, the development of long tails in the velocity difference distributions at large Reynolds numbers, see [16] . In 1962, Kolmogorov and Obukhov revised their theory to address these criticisms. They introduced a correction term to the exponent, i.e.
S p (x, y,t) =
where ε is the dissipation rate and ζ p = p 3 + τ p . The form of this correction was modeled by She and Leveque in 1994 to be
see [23] , and derived from the Navier-Stokes equations by Birnir in [5] . In [5] , the log-Possonian processes of Dubrulle [11] and She and Waymire [24] , responsible for the intermittency corrections, were derived from the stochastic Navier-Stokes equation.
Kolmogorov and Obukhov considered the velocity in turbulent flow to be a stochastic process and their hypothesis can be interpreted to say, see [20] , that the N-point velocity probability distribution function (PDF) of turbulence does not depend on x or y individually but only on r and ν and ε. Moreover, when r >> η, where η is the Kolmogorov (dissipation) scale, then the PDF only depends on ε and r and is independent of the viscosity ν. Since the 2-point PDF determines the structure functions the same statements apply to them.
If the turbulent velocity is a stochastic process it must satisfy a stochastic Navier-Stokes equation and such an equation was formulated by Landau and Lifschitz in their Fluid Dynamics book [16] in 1959. They considered the noise in the stochastic Navier-Stokes equation to be the fluctuations in the fluid, that cannot be ignored in fully developed turbulence, and argued that it should be white both in time and space. The latter assumption cannot be true, the Navier-Stokes equation driven by noise that is white in space produces velocities the are not continuous in three dimensions, see [27] , and this is not observed in nature. Birnir [5] argued that the noise has enough smoothness in space that the dissipation rate ε was finite and of a generic nature, including an additive term corresponding to a mean-field noise and another corresponding to the large deviations of the meanfield. He also added a multiplicative noise term, modeling jumps in the gradient for the flow velocity, and was able to show that this term produced the log-Poisson processes of Dubrulle, She and Waymire and their intermittency corrections τ p . These assumptions are the basis of the Stochastic Closure Theory (SCT) [6] .
The Assumptions of SCT and Its Predictions
The Stochastic Closure Theory (SCT) is based on the following assumptions:
SCT Assumptions:
1. The small scale flow in fully developed turbulence satisfies a stochastic Navier-Stokes (SNS) equation.
2. The noise in the SNS consists of both an additive and a multiplicative term.
3. The additive noise term is a general mean field noise that has enough spatial smoothness for the dissipation rate
to be finite. In addition to this "infinite-dimensional Brownian" meanfield noise, there is a deterministic additive term that estimates the largedeviations of the mean-field.
4. The multiplicative noise term consists of pure jumps, modeling jumps in the velocity gradient ∇u, multiplied by the velocity u.
5. The most singular (having least spatial smoothness) structures in (3-d) turbulence are one-dimensional vortex lines.
These assumptions produce the Stochastic Navier-Stokes equation (5) below. The detailed arguments leading to the form of the noise are given in [5] and [6] . They follow the spirit of the argument in Landau and Lifschitz [16] . The predictions of the SCT theory is the Kolmogorov-Obukhov '62 theory of turbulence, with the She-Leveque intermittency corrections, in all quantitative detail. In particular, SCT Predictions:
1. The structure functions of turbulence are given by explicit formulas.
2. The Reynolds number dependence of the structure functions is also given explicitly.
3. The N-point probability density functions of turbulence exists and can be computed. In the 2-point case, it is determined by the Kolmogorov-Hopf functional differential equation, see [6] , and has an explicitly formula, see [7] .
4. The PDF for the velocity distribution in turbulence is a Generalized-Hyperbolic distribution [3] convolved with the Poisson distribution of the log-Poisson processes of Dubrulle, She and Waymire, see [7] .
The most important SCT prediction for this paper is number 2, that we have an explicit formula for the structure functions with their Reynolds number dependence given. This means that we can use these formulas to fit the data measured in the VDTT and this is the subject of the paper. The disadvantage when we consider equation (5) is that the noise has infinitely many undetermined coefficients c k , d k and h k . The last coefficients are fixed by the assumption number 4 above. Namely, that the vorticity lines are one-dimensional implies that all the coefficients h k are fixed, see [6] . But we are still left with infinitely many coefficients c k , d k . The miraculous fact is that the comparison with the VDTT data reduces these coefficients to only three. When the mean flow is given, we get one parameter characterizing the infinite-dimensional Brownian, another parameter characterizing the large deviation of the mean and one power characterizing both, or their spatial smoothness. Of course the mean flow and these three parameters depend on the Taylor-Reynolds number but not on the order of the structure functions. The upshot is a much improved stochastic closure model (18) with only three parameters characterizing the noise.
The Stochastic Closure Model and the Structure Functions
In this section, we describe the calculation of the structure functions of turbulence, which will be compared with the experimental data. The flow in the wind tunnel is governed by the Navier Stokes equation:
where u(x) is the fluid velocity, x ∈ R 3 , p is pressure, and ν is the viscosity. We also impose periodic boundary conditions upon the flow. The second line in (2) is the incompressibility condition. Using the incompressibility, we can eliminate the pressure to get
This equation defines the small scale velocity flow, or the fluctuations in the mean of the flow. We will impose periodic boundary conditions on the small scales below.
Following the classical Reynolds decomposition [22] , we decompose the velocity into mean flow U and the fluctuations u. Then the velocity is written as U + u, where U describes the mean, or large scale flow and u describes the velocity fluctuations. These two terms describe the large scales and small scales of the flow, respectively. We must also decompose the pressure into mean pressure P and the fluctuations p, then the equation for the large scale flow can be written as
where in coordinates
, that is ∇ is dotted with the rows of u i u j , and R i j = u ⊗ u is the Reynolds stress, see [4] . The Reynolds stress has the interpretation of a turbulent momentum flux and the last term in (4) is also know as the eddy viscosity. It describes how the small scales influence the large scales. In addition we get divergence free conditions for U , and u
Together, (4) and the divergence free condition on U give the Reynolds Averaged Navier-Stokes (RANS) that forms the basis for most contemporary simulations of turbulent flow. The large scale equation (4) is satisfied by the mean flow U = constant in the measurement region of the VDTT. Thus in our case (4) reduces to the pressure gradient balancing the eddy viscosity. Finding a constitutive law for the Reynolds stress u ⊗ u is the famous closure problem in turbulence and we will solve that by writing down a stochastic equation for the small scale velocity u. This was first done by Landau and Lifschitz in [16] .
The consequence of the SCT hypothesis is that the fluctuating velocity u in turbulence is a stochastic process that is determined by a stochastic partial differential equation (SPDE). It will be the Navier-Stokes equation for the fluctuations driven by noise, see below. This is the point of view taken by Kolmogorov in [14, 13, 15] , but the question we have to answer is: what is the form of the noise? There is a large literature on this question, trying to trace the form of the noise back to the fluid instabilities, but these attempts have proven to be unsuccessful. Any memory of the fluid instabilities is quickly forgotten in fully-developed turbulence and the noise seems to be of a general form. Thus it makes sense to try to put generic noise into the Navier-Stokes equations and see how the Navier-Stokes evolution colors generic noise. Below we will answer what generic noise in the Navier-Stokes equation must look like, see [6] for more details.
For fully developed turbulence, we close the model with a stochastic forcing term to account for the small scales in (2) . This noise term models the dissipation in the flow. We impose periodic boundary conditions and assume the dissipation processes in the flow are weakly coupled. Then, applying the Functional Central Limit Theorem to the dissipation processes gives the mean of these processes as
where e k (x) = e 2πikx are distinct Fourier compoents complete with its own Brownian motion b k t , and c 1 2 k are coefficients that converge sufficiently fast enough to ensure convergence of the entire series, see [6] . However, there are fluctuations in the mean of the dissipation which, through an application of the Large Deviation Principle to the dissipation processes, yield the term
Here, e k (x) is defined as above and d k is defined similarly to c 1 2 k . These two terms defined the additive noise forcing term. A detailed description of these terms is given in [6] . A final forcing term comes from the multiplicative noise. This models jumps in the velocity gradient or vorticity concentrations. If we let N k t denote the number of velocity jumps associated to the k-th wave number that have occured by time t. This in turn implies that the differential
denotes the number of jumps in the time interval (t,t +dt]. Then the multiplicative noise has the form
where h k measures the size of the jump andN k is the compensated number of jumps. Hence, adding the termsD, D ′ and, J multiplied by u, to the NavierStokes equation, we get a stochastic PDE describing the fully developed turbulent small-scale flow in the wind tunnel:
In integral form, the stochastic Navier Stokes equation governing fully developed turbulence is given by
where K is the operator
M t is the exponential martingale, see below, e k (x) = e 2πikx is a Fourier component complete with its own Brownian motion b k t , and the coefficients c 1 2 k and d k decay fast enough so that the series converges, see [6] , Chapter 1. We drop the term −u · ∇U , in the equation above, since the mean flow U is approximately constant in the VDTT, see [8] . Thus, we have that
where u(x,t) and u(y,t) are the flow velocities at two points x and y in the wind tunnel. This permits us to describe the computation of the structure functions:
First, we note that the expectation is actually a composition of two expectations, one for the Brownian motion, denoted E b and the other for the log-Poisson process, denoted E p . The log-Poisson expectation acts upon the term
given by the Feynman-Kac formula, see [6] . Then, we get that
see [6] . Notice the exponent above is the She-Leveque intermittency correction (1), denoted τ p . Applying E p also eliminates all terms (e k (x) − e k (y))(e j (x) − e j (y)) for k = j. Standard algebra and trigonometry gives
Thus, we get that
Now, we use a eigenvalue estimate for the operator −K, replacing it with λ k = C|k| 2 3 + 4νπ 2 |k| 2 , see [6] . This estimate assumes ergodicity and that the expectation of the norm of u in the Sobolev space H 11 6 + is finite, see Lemma 2.7 in [6] . We will discuss this in more detail below. M t is the exponential martingale:
where B t ∈ R 3 is an auxiliary Brownian motion and U + u is the Reynolds decomposition of the flow. A simple application of Ito's formula yields
Thus, we have
by the Cauchy-Schwarz inequality. A consideration of the fourth-order structure function below shows that last term only contributes higher order (in k) terms to the denominator of the structure functions. We will ignore this small correction term below. Finally, we take the absolute value and expand the polynomial expression in (9) . To ultimately compute the structure functions, we use Ito's Lemma
to turn any even power of the stochastic integral into a deterministic integral, which can then be solved for using standard calculus. For odd powers, we use the fact that
to eliminate such terms. We then find the first-order structure function is given by
where | · | denotes the vector norm in R 3 . The second-order structure function is given by
where c k = |c
The third-order structure function is given by
The general p-th order structure function is given by
where
where Γ is the gamma function, 1 F 1 is the hypergeometric function,
, and p k is different for each denominator term in the series. Note that the Reynolds number dependence is captured via the viscosity term ν. C is a constant approximating the mean velocity of the flow. It will allowed to vary across structure functions to accommodate a relative change in the mean and the large deviations.
The One-dimensional Structure Functions
We want to fit the structure functions (13) to the experimental data collected in the VDTT, but to do this we have to reduces the three-dimensional structure functions to one-dimensional ones. One can consider structure functions where the measurements are take at two distinct points along the length of the tunnel, in the direction of the mean velocity. These are called the longitudinal structure functions, S p (r,t), where r = x − y, is a vector along the main axis of the tunnel. Or, one can consider the transversal structure functions, S p (q,t), where q = x − y, is a vector in the radial direction of the tunnel, perpendicular to r. In homogeneous turbulence these two structure functions are not independent. In fact, one can show, see [20] , that the correlation matrix is given by
where I is the identity matrix in R 3 × R 3 , and
with r = |r|, | · | denoting the vector norm in R 3 . For η << r, D i j is expected to reduce to
r i r j r 2 ). Thus in R 3 the correlation matrix is determined by longitudinal structure function alone and we will restrict our attention to them.
Consider the longitudinal third-order structure function above,
,
, and r = x − y. If we take r = (r, 0, 0) to lie along the axis of the VDTT (cylinder), then r · k = (rk 1 , 0, 0) and if we ignore k 2 and k 3 in the denominator of S 2 , and take t → ∞, we get the inequality
We have used the convexity of the functions f (x) = x p , p ≥ 1 to take the sum into the powers, here p = 1, 3. This upper estimate, that is supposed to be close, reduces the three dimensional S 3 to the one dimensional one. The argument for all the structure functions S p , p ≥ 3, is similar but the argument does not hold for p = 1, or 2, because ζ 1 = 0.37 and ζ 2 = 0.696 so both are less than one. This means that the upper estimate does not hold for all |k|s, only the ones that are big enough so that the second term in the denominators of S 1 and S 2 dominates the first. We will use the upper estimate with this understanding. We will compare the one dimensional structure function with experimental data and drop the subscript 1 on k 1 . Thus the general p-th one-dimensional longitudinal structure function, in the stationary state, is given by
2c k , and p k is different for each denominator term in the series. Note that the Taylor-Reynolds number dependence is captured via the viscosity term ν. C is a constant approximating the mean velocity fluctuation of the flow. The upper estimate is understood to hold for p = 1, 2 when |k| is large enough.
We can think about the triple sum as an integral
where |k| is the radius of the three-vector k. This means that
is the integral of c k over a sphere of radius k is Fourier space, analogous to the energy shell in the Kolmogorov-Obukhov cascade. Thus, whereas c k ∼ 1 k 3+ε , where k = |k|, in order for the sum to converge,c k ∼ 1 k 1+ε . A similar argument applies to ∑ k∈Z 3 \{0} |d k | For this reason we expect the exponent m of k below to satisfy m > 1. We will in fact make the ansatz,
wherec k andd k are the one-dimensional versions of the coefficients in the structure functions, to approximate the experimental data. Provided that m is greater than 1, the series determining the one dimensional restriction of the structure functions (15) will converge. The Table 5 .
In summary, we are able to reduce the three-dimensional coefficients c k and d k to the one-dimensional coefficientsc k andd k , respectively, and so use the onedimensional formulas to fit to the data, and formulate a simple ansatz (16) , for coefficient's dependance on the Taylor-Reynolds number and the wavenumber 1/k.
Comparison of the Model with the Data
The data in this paper was obtained from the Max Planck Institute for Dynamical and Orgranization, located in Göttingen, Germany and was generated by the Variable Density Turbulence Tunnel (VDTT). The pressurized gases circulate in the VDTT in an upright, closed loop. At the upstream end of two test sections, the free stream is disturbed mechanically. The data in the current paper is generated by a fixed grid. However, the gas stream can also be disturbed by an active grid resulting in even higher Reynolds number turbulence. In the wake of the grid the resulting turbulence evolves down the length of the tunnel without the center region being substantially influenced by the walls of the tunnel, see [8] . The measurements were performed with a Dantec StreamLine hot wire anemometry system, see [8] .
The measurements were taken at fifty logarithmically placed distances ranging from 1.5 to 8.3m downstream from a classical grid. For more information about the experiment, see [25] . The longitudinal differences are
δu(x, r) = u(y,t) − u(x,t) = u(x + r,t) − u(x,t)
where u, x and r are parallel vectors (along the x-axis). Taylor's frozen flow hypothesis is used to extract x and r from the time series of the probe, see [8] test sections are about 8 meters long, long enough for the turbulence to evolve through at least one eddy turnover time, around 1 second, see [8] . This means that the turbulence can be observed over the time that it takes the energy to cascade all the way from the large eddies to the dissipate scale. More details about the tunnel can be found in [8] .
Measurements were taken for Taylor Reynolds Numbers 110, 264, 508, 1000, and 1450. The pertinent parameters for the data are given Table 1 . The system length in the tunnel is an important value for fitting the data because we have to scale the lag variable r, r/η system length = (x − y), with the system length. One might think that the system length is the square root of the cross sectional value of the tunnel √ A, but in fact the relevant system length is the grid size of the grid used to perturb the gas flow upstream from the measurement section. This raises the question whether the grid size influences the shape of the largest eddies in the flow and we will see below that the answer is yes, it does so for the smaller Reynolds numbers. For the larger Reynolds numbers this influence disappears, see Table 5 .
The structure function were plotted against D) ) for x − y, where D is an constant greater than 1, in the above formulas. This is done to compensate for the system length of each measurement. We assume periodic boundary conditions in the Navier Stokes equation (2) and (5). Thus, we divide r η by 19540(D) so that our sine series formula will capture the entire data set. Once found, the system length is fixed for a particular Taylor Reynolds number across the varying structure functions. The found values for D are given in Table 5 .
Fitting (17).
to computational time, the series given in Section 4 was run out to one thousand terms. Initial fitting to the formulas given in Section 4 proved to not be effective. It was assumed that the largest eddies were influenced by the active grid in the wind tunnel and thus, were influencing the fitting routine. Thus, to compensate, the first two sine terms were allowed to have free coefficients. In other words, the new model used to fit the data is given by
where A p is still given by (15) This was done for all structure function fits. Experimentation found that the best result came from using the fourth structure function for each Taylor Reynolds Number to fix the coefficients a, b, and D. This is likely the result of the Fourth Structure Function being the largest structure function still bound by the Sobolev inequality, see Section 9. Tables 2, 3 , and 4 contain the found values for A 1 , A 2 and C respectively, as described in (17 
Evaluation of the Model
Below are the fitting results for the data. The blue diamonds are the data points while the red line is our fitted function. All the plots are on a log-log scale except for a single plot of the third structure function at Taylor Reynolds Number 110. This is included for perspective. We see that the fitting is good for most of the structure function for most of the Reynolds numbers. There are little wiggles at the largest scales (largest values of the lag variable). This is presumably related to the interaction between the large and small eddies, which is magnified for the sixth and eighth-order structure functions by the smoothness of the flow, described below. At the highest Reynolds numbers and highest order (sixth and eighth) structure functions, we see a divergence at the smallest scales (smallest values of the lag variable). This is indicative of the divergence of the series for these structure functions at the highest Reynolds numbers. In general, we note that the fits become less accurate as we increase the structure function number. The fits for the second, third, and fourth structure functions are generally quite good but the sixth and eighth structure function fits are rougher. This is expected from the theory given by in [6] , see below. Table 5 gives the fitted values for a and b. This table shows that the Central Limit Theorem term as given by b has a greater influence for smaller Taylor Reynolds numbers than the Large Deviation Principle term, as given by a, as for small values of k, these terms essentially become Tables 2 and 3 . These contributions are small for low order structure functions and become insignificant for the higher order structure functions, for all Reynolds numbers. Thus the influence of the grid on large eddies is small and becomes negligible for the higher structure functions.
The values of the exponent m of the wavenumber k = k 1 are given in Table  6 . In general the exponents are larger or very close to 1, towards the top of the table. The first (top) line in Table 6 , corresponding to the second order structure function, verifies the hypothesis on the coefficients c k and d k in Sections 2 and 4. The energy shell coefficientc k andd k should decay as |k| −m , m > 1. All the exponents in the first line in Table 6 satisfy this except the last two. However, both still lie within the fitting uncertainty and may be explained by the Reynolds number corrections absorbing the weight of the power. Thus the exponents m(R λ ) in the first line depend on R λ , but approach 1 as R λ becomes large. We would expect the exponents to remain above one for the rest of the lines on the table, but this is not the case. This results gives us insight into the smoothness of the flow, as explained below.
The Improved SCT Model
The comparison of theory and data for homogeneous turbulence now produces a much improved Stochastic Closure Model, removing the infinitely many coefficients c k , d k and h k from Equation (5). Namely, the large scale satisfy the equation (4) whereas the small scale flow satisfies the stochastic Navier-Stokes equation,
where a, b 1/2 ∈ R 3 . Here k ∈ R 3 also and e k (x) = e 2πk·x . The SCT model now depends on only three parameters a = |a|, b = |b| and m that are all function of the Taylor-Reynolds number R λ . At plot of 1/b and 1/a for small k and b and a for large k is shown in Figure 7 as functions of the Taylor-Reynolds number. These plots show that the Central Limit part 1/b dominates, for k small, and the Large Deviation part a is larger, for k large. The coefficient C that appears in the computation of the structure functions (15) is not constant for each Taylor-Reynolds number, see Table 4 , because it measures both the size of the velocity fluctuations and the relative strength of the Center Limit Theorem term and the Large Deviation term in the noise. However, it does not vary much over the center part of Table 4 as a function of the TaylorReynolds number. The exponent m also varies because some of the correction terms in (15) absorb its weight and because of the smoothness issue for the higher order structure functions that is discussed below. However, it also does not vary much with the Taylor-Reynolds number above the diagonal, as signified by the bolded numbers, in Table 6 . 
Sensitivity Analysis
We now consider the formula for the general p-th structure function as given in (15) . If we let the viscosity of the fluid head to zero, the Reynolds Number will go to infinity. This will simplify the coefficients A p in (15), for R λ = ∞, ν = 0,
The further denominator terms found in (15) but not above, are corrections to the formula to account for the Reynolds number of the flow. Data fits were also done to the formula without the Reynolds number corrections. Figures 7 to 11 are plots of the error between the formula fits and the data at each data point. Here, error is defined at each data point to be the absolute value of the difference between the data points and the model. The blue circles are the error to the Reynolds corrected formulas while the red diamonds are the error to the formula without the Reynolds number correction.
There are a couple of observations to make about the error plot. First, for small Taylor Reynolds numbers, it appears that the corrections improve the fitting, especially for the smaller data points. This improvement erodes as the Taylor Reynolds number increases, until we see very little difference in accuracy for Taylor Reynolds number 1450. This makes sense, as the corrections to account for Reynolds number get smaller as the Reynolds number increases, with the formulas becoming the uncorrected version when we let the Reynolds number go to infinity.
A second observation may also help explain the issue surrounding the m values of the second order structure functions for high Reynolds numbers, discussed in detail below. Table 7 contains the found values for m without the Reynolds number corrections. Here we see a diagonal much more in line with what the SCT predicts. Notice that the Reynolds correction adds the terms
to the denominator of the fractions. In particular, this is adding higher powers of k, which may be absorbing some of the power of m, which explains why we see a much more pronounced diagonal form with the exponents when looking at the uncorrected version of the formula in Table 7 than in Table 6 with the corrected version of the formulas. Finally, we also see an issue in fitting the smallest data points for Reynolds Number 1450. This issue appears to be connected to the system length, as seen in Table 7 :
The fitted values for m for the uncorrected for Reynolds number effects structure function fits Figure 6 . A second fit to the fourth structure function was found with D = .921. This does improve the fitting for the smaller data points. However, D being this small causes an issue at the larger data points, namely the sine curve wants to return to zero before the last data point. Since there are relatively few data points at small values of r η , we set D = 1.3. The value of 1.3 was chosen as it the smallest number needed to fully capture the larger data points.
One potential point of concern with the fitting result was the probe size. The size of the probe could influence the fit and a different probe size could produce different result. To check for this, fits were redone with a reduced number of data points. In particular, for every Taylor Reynolds number and every structure function, fits were redone without including the first, the first two, and the first three data points respectively. We saw minimal change in the main parameters. the greatest being a difference of one in the third significant digit. The robustness test for Reynolds Number 508 are included in Figure 8 . As we can see, there is not a significant change in the value of m when removing the first couple of data points. We do see significant changes as more data points are removed. However, the removal of fifteen or more data points removes the entire dissipative range and so we would expect the changes to be significant. As a result, we are convinced the fits are unaffected by the probe size.
The Smoothness of the Velocity
It was pointed out by Onsager [18, 19] that the fluid velocity in fully turbulent flow could not be a spatially smooth function, in the limit of infinite Taylor-Reynolds number.
The last line in Table 6 , corresponding to the eighth order structure function, tells an interesting story, that was totally unexpected. There only the exponent for the smallest Reynolds number is close to one. All the other exponents are well below one, the one for the highest Reynolds number going down to 0.248. This seems to contradict the fits for the exponent m from the first line in the Table and the hypothesis on coefficients c k and d k . In fact, there is a "diagonal" in Table 6 , below which the coefficient are well below one, and above which they are larger than one within the fitting uncertainty. The resolution of this apparent contradiction is that the structure functions below the diagonal are not finite in the limit of a very large large Taylor-Reynolds number R λ and the series (13) representing them do not converge as R λ → ∞. This is what the fits show. To explain this we have to discuss the L p and Sobolev function spaces and the Sobolev inequality, that relates the existence of moments of velocity differences to the differentiability (smoothness) of the turbulent fluid velocity. The Sobolev inequality can be written as
where n ≥ 
is finite. Thus in order for the pth moment (power) of a function to be finite, it is sufficient that it has n derivatives . We apply the Sobolev inequality to the gradient of u below, in order to compare with the moments of the velocity differences δu.
In [6] , using Onsager's observation, Birnir showed that the velocity, u, must lie in Sobolev space H n , where n = 11 6 , when intermittency is not taken into account and n = 29 18 when it is. This, in turn, implies that ∇u lies in Sobolev space H n , where n = 5 6 without intermittency and n = 11 18 with intermittency. In order to guarantee convergence of the sine series, we need H n ⊂ L p , where p is the number of the structure function. This follows, by the Sobolev inequality, provided that
where C is a constant and · n denotes the Sobolev norm, or
This is true for p = 2, p = 3 and p = 4, but does not hold for p = 6 and p = 8. Now approximate the velocity differences by the gradient δu ∼ ∇u · r. Hence, the increase in roughness for the sixth and eighth structure functions agrees with the theory presented by Birnir in [6] . A second issue, indicative of intermittency, arose during the fitting process for the values for m for Taylor Reynolds number 1000 and 1450, see Table 7 , where the Taylor-Reynolds number dependence of the structure function has been removed. This prevents the correction terms from absorbing the weight of the exponent m. We mentioned before that m needs to be greater than one in order to ensure convergence. We expect this might not hold for structure functions six and eight for the same reason given in the previous paragraph. However, we get a value less than one for the third and fourth structure functions for Reynolds number 1000 and 1450. While this is by no means a conclusive proof, it may be suggestive of an increasing influence of intermittency as the Reynolds number increases. The inequality 
Conclusion
We started by following Kolmogorov's method as described in Section 2, and formulated in Landau and Lifschitz [16] , to close the Navier Stokes equations to describe fully developed turbulence. We did this by introducing a stochastic forcing term to account for the small scales, see [5] . Having closed the model, we then compute a sine series representation for the structure functions of turbulence, with Reynolds number corrections. These formulas were then fitted to data generated from the Variable Density Turbulence Tunnel at the Max Planck Institute for Dynamics and Self-Organization. The fits proved to be very good and yielded valuable insights into the smoothness of the fluid velocity. For the lower Reynolds number flows, we see convergence of the sine series for the second, third, and fourth structure functions. However, the sixth and eighth structure functions for these Reynolds numbers begin to show sign of divergence. For higher Reynolds number, this divergence becomes more pronounced, as the fourth structure function begins to diverge and the third one begins to show signs of spatial roughness (divergence), as well. This agrees with our theory and may be indicative of an increasing influence of intermittency as the Reynolds number increases.
We compared fits to the formulas for the structure functions with a correction, to account for the Reynolds number, to fits without that correction. We see that the Reynolds correction formulas generate better fits as the Reynolds number decreases for lower structure functions but have little impact on the fits for the higher structure functions. Again, this agrees with theory on the smoothness of the fluid velocity.
The fits simplify the stochastic closure theory (SCT) for the Navier-Stokes equation. We obtain a SCT theory (18) with only three parameters, one corresponding to the variance in the functional Central Limit theorem part of the noise, a second one giving the rate in the Large Deviation part of the noise and finally an exponent that gives the spatial smoothness of the noise (decay in Fourier space). These three parameters depend on the Taylor-Reynolds number but are independent of the order of the structure functions.
